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BOUNDARY LAYER FOR 3D PLANE PARALLEL CHANNEL
FLOWS OF NONHOMOGENEOUS INCOMPRESSIBLE
NAVIER-STOKES EQUATIONS
SHIJIN DING, ZHILIN LIN∗, DONGJUAN NIU
Abstract. In this paper, we establish the mathematical validity of the Prandtl
boundary layer theory for a class of nonlinear plane parallel flows of nonho-
mogeneous incompressible Navier-Stokes equations. The convergence for the
density and velocity are shown under various Sobolev norms, including the
physically important space-time uniform norm, as well as the L∞(H1) norm.
It is mentioned that the mathematical validity of the Prandtl boundary layer
theory for nonlinear plane parallel flow is generalized to the nonhomogeneous
case.
1. Introduction
In this paper, we consider the boundary layer of nonlinear plane parallel channel
flows for the nonhomogeneous incompressible fluids in a three-dimensional slab
domain, periodic in horizontal x and y directions, Ω = T2 × [0, 1](T = [0, L]) with
the boundaries ∂Ω = {z = i}, i = 0, 1. The motion of the incompressible fluids
in Ω is governed by the following nonhomogeneous incompressible Navier-Stokes
equations ∂tρ
ε + div(ρεuε) = 0,
∂t(ρ
εuε) + div(ρεuε ⊗ uε)− ε∆uε +∇pε = 0,
div uε = 0,
(1.1)
where uε(t;x, y, z), ρε(t;x, y, z), pε(t;x, y, z) are the velocity fields, density and pres-
sure, respectively. The positive constant ε is the viscosity coefficient.
It is well known that the Navier-Stokes equations are equipped with the following
no-slip boundary condition and initial data{
uε = 0 on ∂Ω,
(ρε, uε)|t=0 = (ρ0, u0), ρ0 > 0. (1.2)
Letting ε = 0, we arrive at the following nonhomogeneous incompressible Euler
equations ∂tρ
0 + div(ρ0u0) = 0,
∂t(ρ
0u0) + div(ρ0u0 ⊗ u0) +∇p0 = 0,
div u0 = 0,
(1.3)
with the following no-penetration boundary conditions and the same initial data{
u0 · n = 0 on ∂Ω,
(ρ0, u0)|t=0 = (ρ0, u0), ρ0 > 0, (1.4)
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in which n is the unit outward normal to the boundaries.
In addition, we suppose that the initial datum of the density is away from vac-
uum, that is, there holds that
ρ0 ≥ c0 > 0 (1.5)
for some constant c0. Then by the classical theory of Navier-Stokes equations and
Euler equations, one easily deduces that
ρε(t;x, y, z) ≥ c0 > 0, ρ0(t;x, y, z) ≥ c0 > 0 (1.6)
for any time t ≥ 0.
In this paper, our aim is to study the boundary layer for (nonlinear) plane
parallel channel flows. In homogeneous case, this problem had been studied in
[2, 33]. In this paper, we will investigate the nonhomogeneous case. Precisely, we
intend to look for the solutions of the equation (1.1) of the form
ρε = ρε(t;x, z), uε = (uε1(t; z), u
ε
2(t;x, z), 0) (1.7)
in an infinitely long horizontal channel. Moreover we suppose that the domain
is periodic in horizontal x and y directions. Therefore we reduce to consider the
problem in the domain Q = [0, L]2 × [0, 1], in which L is the horizontal period, see
Figure 1 for instance. Obviously, the flows of the form (1.7) automatically satisfy
the divergence-free condition, i.e., div uε = 0.
Figure 1. The plane parallel channel flow in Q = [0, L]2 × [0, 1]
The special structure of the solution is preserved by both Navier-Stokes equations
and Euler equations if the initial data (ρ0, u0) satisfy the same ansatz, i.e.,
uε|t=0 = u0 = (a(z), b(x, z), 0), ρε|t=0 = ρ0(x, z). (1.8)
For more about the symmetry of solution to the Navier-Stokes equations in homo-
geneous fluids, see [3] for details.
Let us denote the solution of Navier-Stokes equations by uε with the viscosity ε
and that of Euler equations by u0. For the Navier-Stokes equations, we impose the
following boundary conditions
uε|z=i = αi(t;x), (1.9)
where αi(t;x) = (βi1(t), β
i
2(t;x), 0), i = 0, 1.
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It is easy to see that the solutions (1.7) satisfy∂tρ
ε + uε1∂xρ
ε = 0,
ρε∂tu
ε
1 − ε∂2zuε1 = 0,
ρε∂tu
ε
2 − ε∆x,zuε2 + ρεuε1∂xuε2 = 0,
(1.10)
in (x, z) ∈ [0, L] × [0, 1]. Note that the plane parallel flows are three-dimensional
actually. In addition, we will assume that the initial data, boundary data satisfy
certain compatibility conditions. Recall that the zero-order compatibility conditions
with the form
αi(0;x) = u0(x, i), i = 0, 1, (1.11)
and the first-order compatibility conditions
∂tρ
ε(0;x, i) + a(i)∂xρ0(x, i) = 0,
ρ0(x, i)∂tβ
i
1(0)− ε∂2za(i) = 0,
ρ0(x, i)∂tβ
i
2(0;x) + ρ0(x, i)β
i
1(0)∂xβ
i
1(0;x)
−ε∆x,zb(x, i) = 0,
(1.12)
where ∆x,z := ∂xx + ∂zz and i = 0, 1.
The well-posedness of the system (1.10) can be easily obtained because of the
weak coupling in (1.10). For instance, one can get that (ρε, uε) ∈ L∞(H1)×L∞(H1)
and (ρεt ,
√
ρεuεt ) ∈ L∞(L2) × L∞(L2) provided that ρ0 ∈ H1 ∩ L∞, u0 ∈ H2 ∩
H1, αi ∈ H1. We do not address this point in details here, and refer for example
to [13, 14, 29, 34] for interested readers.
With enough regularity of the known data, for system (1.10), we can easily
deduce that
‖∂ixρε‖Lp = ‖∂ixρ0‖Lp , i = 0, 1, 2, 3, (1.13)
where 1 ≤ p ≤ ∞. Indeed, for any p ≥ 1, one can get from (1.10)1 that
∂t(∂
i
xρ
ε) + uε1∂x(∂
i
xρ
ε) = 0, i = 0, 1, 2, 3 (1.14)
and
d
dt
‖∂ixρε‖pLp = 0, i = 0, 1, 2, 3, (1.15)
this implies that
‖∂ixρε‖Lp = ‖∂ixρ0‖Lp , i = 0, 1, 2, 3. (1.16)
The case p =∞ is obtained by taking p→∞ in (1.16).
By formally taking ε = 0, the Navier-Stokes equations become the corresponding
Euler equations. Under the plane-parallel assumption, the Euler system reduces to
the following weakly nonlinear equations∂tρ
0 + u01∂xρ
0 = 0,
ρ0∂tu
0
1 = 0,
ρ0∂tu
0
2 + ρ
0u01∂xu
0
2 = 0.
(1.17)
We take the same initial data for both Euler and Navier-Stokes equations
(ρ0, u0)|t=0 = (ρ0(x, z), u0(x, z)). (1.18)
Note that one can deduce from (1.17)2 and ρ0 ≥ c0 > 0 that
u01(t; z) ≡ u1(0, z) := u01(z).
Moreover, the solutions of (1.17) – (1.18) can be obtained by solving a simple ODE
and two linear transport equations thanks to ρ0 ≥ c0 > 0. Therefore the solutions
are regular provided the initial data are regular enough. For example, if (ρ0, u0) ∈
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Hm(Ω) × Hm(Ω) for m > 5, then (ρ0, u0) ∈ C(0, T ;Hm(Ω)) × C(0, T ;Hm(Ω)).
The interested readers can see [21, 30, 31] for more details.
It should be pointed out that our aim is to justify the validity of the boundary
layer expansion but not the regularity of the solutions. Therefore the solutions in
our assumptions are regular enough, if we need.
Now let us introduce some related results. As we know, the study of the behavior
for the fluid with small viscosity (or large Reynold number) is an important topic
in mathematics and physics. In 1905, Prandtl [28] first introduced the concept
of boundary layers and deduced the Prandtl equations with the no-slip boundary
condition, which adheres to the strong boundary layer. According to the idea of
Prandtl [28], there is a thin boundary layer of width of the order
√
ε near the
boundary. More precisely, the solutions to the Navier-Stokes equations with no-slip
boundary conditions is expected to take the form
Navier–Stokes ' Euler + Prandtl layer +O(√ε). (1.19)
Therefore, there are at least two fundamental problems to be investigated:
(a) The well-posedness of the Prandtl equations;
(b) The justification of (1.19)(or the validity of the boundary layer expansion).
For the Prandtl equation, there are lots of results to deal with the well-posedness
or ill-posedness. Up to now, the well-posedness of Prandtl equation was proved only
in some special functional spaces. As early as in 1963, Oleinik firstly obtained the
local existence of classical solutions in 2D under the monotonic assumption on the
tangential velocity, see [22, 23] for instance. In the works of Oleinik [22, 23], she
introduced the Crocco transform to reduce the Prandtl equation to some classical
parabolic equations, which can be solved by some standard methods of PDEs.
The well-posedness in the Sobolev spaces by applying energy method was obtained
independently in [1, 20]. By imposing a favorable condition on the pressure, Xin and
Zhang [36] proved the global existence of the Prandtl equation. The ill-posedness
of Prandtl equation was obtained by Ge´rard-Varet and Dormy [5]. Moreover, some
of these results are generalized to the 3D case, see [15, 16] for details. Recently,
the well-posedness of the MHD boundary layer equations in Sobolev spaces without
monotonicity was shown by Liu, Xie and Yang [17].
To justify the validity of the Prandtl expansion, one needs to study the conver-
gence from the viscous solution to the inviscid solution as ε → 0. However, there
are few results about this topic. For the steady case, Guo and Nguyen [10] proved
the validity of the steady boundary layer expansion on a moving boundary and
Iyer [12] studied the similar problem over a rotating disk. Later, Ge´rard-Varet and
Maekawa [6] obtained the Sobolev stability of Prandtl expansions for the steady
Navier-Stokes equations. Recently, without the moving boundary condition of [10],
Guo and Iyer [9] proved the validity of steady Prandtl layer expansion under an
assumption for the normal velocity of first order Euler correction.
For the time-dependent case, Sammartino and Caflisch [24, 25] obtained the local
existence of analytic solutions to the Prandtl equations and a rigorous theory on
the stability of boundary layers in incompressible flow confined in the half space
with analytic data. Mazzucato, Niu and Wang [2] established the validity of the
boundary layer theory for the 3D plane parallel channel flows. With the similar
ideas, Han, Mazzucato, Niu and Wang [11] proved the validity of the boundary layer
expansion for nonlinear pipe flow. Maekawa [19] studied the inviscid limit problem
of the vorticity equations. For the analytic data, Wang, Wang and Zhang [32]
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developed an energy method to justify the zero-viscosity limit for the analytic data
in R2+. With the basic idea and methods, Fei, Tao and Zhang [4] considered the zero-
viscosity limit of the incompressible Navier-Stokes equations with no-slip boundary
condition in R3+ and generalized Maekawa’s result [19] to 3D case. Recently, in
homogeneous case, the convergence results without the compatibility conditions for
some symmetric flows were established by Gie et al. [7]. In addition, the validity of
the boundary layer theory for incompressible MHD was obtained by Liu, Xie and
Yang [18].
In this paper, we study the validity of the Prandtl theory associated with a spe-
cial type plane parallel channel flows for nonhomogeneous Navier-Stokes equations.
More about this special type flows for homogeneous fluids can be found in [33].
Therefore one should also construct the approximate solution for the density ρ by
the boundary layer expansion, which will lead to a transport-type equation that
we have to treat. Our main result (see Theorem 1.1) provides some error bounds
for the approximation of the Navier-Stokes equations given by the Euler solution
plus the upper boundary and lower boundary correctors. Therefore the convergence
rates in vanishing viscosity limit are obtained. Moreover, the optimal convergence
rates in Sobolev norm L2 were also obtained. Compared with the results in [7],
since we impose the compatibility conditions, our results provide the convergence
rates of the higher order for error solutions.
Compared with the homogeneous case in [2], due to the appearance of the den-
sity, there will be some challenges in our analysis. To analyze boundary layer of
the channel flows, we need to construct the approximate solutions of the Navier-
Stokes equations that decomposed by the Euler solution and the correctors near the
boundaries. The correctors satisfy the Prandtl-type effective equations, see Section
2 and Appendix A for details. The corrector for density will obey a transport-
type equations while the corrector for velocity fields will satisfy the parabolic-type
equations, which is different from that of [2]. To ensure that the coefficients for
the main term in parabolic-type equations are non-degenerate, one should require
that ρ0 + lower corrector of density has a positive lower bound (of course this
also holds for the upper corrector), which means that the initial data of density ρ0
should be away from vacuum. In addition, the appearance of the density also leads
to some difficulties in the estimates for the convergence rates of the velocity field
uerr. Specifically:
(i) To obtain L∞(L2)-estimates for the uerr1 , since the equation for u
err
1 is coupled
with that for the density error solution ρerr, one should establish the estimates for
‖ρerr‖L∞(0,T ;L2(Ω)) and ‖uerr1 ‖L∞(0,T ;L2(0,1)) simultaneously, which gives that the
convergence rate for ‖uerr1 ‖L∞(0,T ;L2(0,1)) is only ε
3
4 , instead of ε in [2];
(ii) In deriving the higher-order estimates for the velocity fields, the density
would also lead to some difficulties. For example, to obtain the convergence rates
of uerr2 , we find that the estimate for
√
ρε∂tu
err
2 is necessary, which in turn requires
the first-order compatibility conditions (1.12). See Section 4 for details.
Thanks to the special structure of the plane parallel flow, we first consider the
correctors for the density and the first component of velocity fields. Unlike the
Prandtl-type equations in [2], the corrector for density satisfies a transport-type
equations. For the well-posedness, one can use Picard iteration method and some
results for the nonhomogeneous Navier-Stokes equations to obtain the estimates
and well-posedness, see [13, 14, 29, 34] for instance. In order to obtain the error
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estimates and convergence rates, we need to establish some weighted estimates (or
decay estimates) for the correctors. To ensure that the convergence rates hold
true from two parts: the remainders and the weighted estimates. However, the
convergence rates can not be improved in some sense due to the conditions of
known data and structures of the remainders. It should be pointed out that one
can only obtain the basic L∞(L2) with a low convergence rate ε
1
4 if we impose the
external force. More details about the analysis can be found in Remark 1.5.
Now, our main results are stated as follows.
Theorem 1.1. Suppose that u0 ∈ Hm(Ω), ρ0 ∈ Hm(Ω) and there exists c0 > 0
such that c0 ≤ ρ0. In addition, assume that βi ∈ H2(0, T ;Hm(∂Ω)), i = 0, 1,m > 5
and satisfy the compatibility conditions (1.11)-(1.12). Then there exist positive
constants C > 0, independent of ε, such that for any solution (ρε, uε) of (1.10)
with the initial values (ρ0, u0) and boundary values β
i,
‖ρε − ρ˜a‖L∞(0,T ;L2(Ω)) ≤ Cε 34 , (1.20)
‖ρε − ρ˜a‖L∞(0,T ;H1(Ω)) ≤ Cε 14 , (1.21)
‖ρε − ρ˜a‖L∞((0,T )×Ω) ≤ C
√
ε, (1.22)
‖uε − u˜a‖L∞(0,T ;L2(Ω)) ≤ Cε 34 , (1.23)
‖uε − u˜a‖L∞(0,T ;H1(Ω)) ≤ Cε 14 , (1.24)
‖uε − u˜a‖L∞((0,T )×Ω)) ≤ C
√
ε, (1.25)
where ρ˜a, u˜a are defined by (3.2) in Section 3.
Meanwhile, we have the following optimal convergence rate result.
Corollary 1.1. Under the assumptions of Theorem 1.1, the following optimal con-
vergence rate holds
Cε
1
4 ≤ ‖(ρε − ρ0, uε − u0)‖L∞(0,T ;L2(Ω)) ≤ Cε 14 , (1.26)
where (ρ0, u0) is the solution of Problem (1.17)-(1.18) and the constants C > 0 are
independent of ε.
In addition, similar to that in [33], the following Kato-type conclusion also holds.
Corollary 1.2. Under the assumptions of Theorem 1.1, there exists positive con-
stants C > 0 independent of ε such that for any δ ∈ (0, 1) such that δ/ε → ∞ as
ε→ 0,
‖ρε − ρ0‖L∞(0,T ;H1(Ωδ)) ≤ Cε 14 , (1.27)
‖ρε − ρ0‖L∞((0,T )×Ωδ) ≤ C
√
ε, (1.28)
‖uε − u0‖L∞(0,T ;H1(Ωδ)) ≤ Cε 14 , (1.29)
‖uε − u0‖L∞((0,T )×Ωδ)) ≤ C
√
ε, (1.30)
where Ωδ := [0, L]× [δ, 1− δ].
Remark 1.1. Compared with the results of [2], the convergence rates for the velocity
fields in our Theorem 1.1 are the same as in [2]. In fact, the convergence rate for
uerr1 become worse. For example, one can only obtain the convergence rate with ε
3
4 ,
then the convergence rate for ‖∂zuerr1 ‖L∞(0,T ;L2(0,1)) is only ε
1
4 , which is not ε
1
2 in
[2].
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Remark 1.2. Consider the higher-order expansion by including the first-order
terms, i.e., introduce the approximate solutions by including the new first-order
terms (ρ1, u1) in the outer solutions and (σ1, θ1), (σu,1, θu,1) in the correctors. Fol-
lowing the similar arguments, we will deduce that (ρ1, u11) = (σ
1, θ11) = (σ
u,1, θu,11 ) ≡
(0, 0). This implies that the higher-order expansions by including first-order terms
cannot improve the convergence rates of ρerr, uerr1 as in Section 6 of [2]. Therefore,
to improve the convergence rate, we need to construct more accurate approximate
solutions by including more higher enough order terms. For simplicity, we omit the
details here.
Remark 1.3. The form of (1.8) in this paper can be generalized to the following
form
ρε = ρε(t;x, y, z), uε = (uε1(t; z), u
ε
2(t;x, z), 0). (1.31)
Indeed, with the form of (1.31), the equations (1.1) can be written as∂tρ
ε + (uε1∂x + u
ε
2∂y)ρ
ε = 0,
ρε∂tu
ε
1 − ε∂2zuε1 = 0,
ρε∂tu
ε
2 + ρ
εuε1∂xu
ε
2 − ε∂2xuε2 − ε∂2zuε2 = 0.
(1.32)
Formally taking ε = 0, we get that∂tρ
0 + (u01∂x + u
0
2∂y)ρ
0 = 0,
ρ0∂tu
0
1 = 0,
ρ0∂tu
0
2 + ρ
0u01∂xu
0
2 = 0,
(1.33)
which implies that the special structure of the channel flow is not destroyed. Then
applying the similar arguments, one can obtain some similar remainders with some
y-derivative terms. For example, in this case, the remainder A formulated by (3.6)
will be written as
A˜ = ψ(z)(ψ(z)− 1)(θ01∂x + θ02∂y)σ0
+ψ(1− z)(ψ(1− z)− 1)(θu,01 ∂x + θu,02 ∂y)σu,0.
(1.34)
Fortunately, these terms can be controlled by applying the similar methods in our
energy arguments, as well as the x-derivative terms. Therefore, for simplicity, we
consider the case of the form (1.7) in this paper.
Remark 1.4. The results of Corollary 1.1 are straightforward from the fact that
‖(σ0, θ01, θ02)‖L∞(0,T ;L2(Ω∞)) ≈ ε
1
4 ,
where (σ0, θ01, θ
0
2) are determined in Section 2 and Ω∞ = [0, L]× [0,∞).
Remark 1.5. If we consider the boundary layer expansion for the same channel
flow in the case with an external force f = (f1(t; z), f2(t;x, z), 0), then the corre-
sponding Navier-Stoeks equations read as∂tρ
ε + uε1∂xρ
ε = 0,
ρε∂tu
ε
1 − ε∂2zuε1 = ρεf1,
ρε∂tu
ε
2 + ρ
εuε1∂xu
ε
2 − ε∂2xuε2 − ε∂2zuε2 = ρεf2.
(1.35)
Following the similar arguments as in this paper, one will see that there are some
terms such as ψ(z)σ0f1 in the error equations. Due to the constructions of the
approximate solutions (or see Remark 1.4), we know that
‖(σ0, σu,0)‖L∞(0,T ;L2(Ω∞)) ≈ ε
1
4 .
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On the other hand, one can easily check that
‖ρε − ρ0‖L∞(0,T ;L2(Ω)) = ‖ψ(z)σ0 + ψ(1− z)σu,0‖L∞(0,T ;L2(Ω∞)) ≈ ε
1
4 .
Therefore in this case, we can only deduce that
‖(ρε − ρ˜a, uε − u˜a)‖L∞(0,T ;L2(Ω)) ≤ Cε 14 . (1.36)
Remark 1.6. The proof of Corollary 1.2 follows from the error estimates and it is
similar to [33]. For simplicity, we omit it here.
The rest of this paper is organized as follows. Section 2 is devoted to formal
asymptotic expansion of this type of flows at small viscosity. In Section 3, we will
construct an approximate solution to Navier-Stokes equations utilizing the solution
to the Prandtl-type effective systems and the solution to Euler equations. The main
estimates and convergence rates are obtained in Section 4. Some decay estimates
for the correctors are provided in Appendix A.
Throughout our paper, we use C to denote a generic constant, independent of
ε, that may depend on some initial data. In addition, we denote
〈Z〉 :=
√
1 + |Z|2
and
〈Zu〉 :=
√
1 + |Zu|2,
which will be used later in this paper.
2. The Prandtl-type effective equations for the correctors
The approach to a rigorous boundary layer analysis that we take is to derive
the equations for the correctors, which is the difference between the Navier-Stokes
solutions (ρε, uε, 0) and the Euler solution (ρ0, u0, 0), where we have taken pε =
p0 ≡ 0 without loss of generality. We consider the approximate solutions as follows
ρa := ρou(t;x, z) + σ0
(
t;x, z√
ε
)
+ σu,0
(
t;x, 1−z√
ε
)
,
ua1 := u
ou
1 (t; z) + θ
0
1
(
t; z√
ε
)
+ θu,01
(
t; 1−z√
ε
)
,
ua2 := u
ou
2 (t;x, z) + θ
0
2
(
t;x, z√
ε
)
+ θu,02
(
t;x, 1−z√
ε
)
,
(2.1)
where (ρou, uou) are the outer solutions, and (σ0, θ01, θ
0
2), (σ
u,0, θu,01 , θ
u,0
2 ) are the
lower correctors and upper correctors, respectively. The correctors satisfy{
(σ0, θ01, θ
0
2)→ (0, 0, 0) as Z := z√ε →∞,
(σu,0, θu,01 , θ
u,0
2 )→ (0, 0, 0) as Zu := 1−z√ε →∞.
(2.2)
It is easy to see that (σ0, θ01, θ
0
2), (σ
u,0, θu,01 , θ
u,0
2 ) are defined in Ω∞ := [0, L]×[0,∞).
Then the outer solutions and correctors satisfy respectively:
(I) The outer solution:
The outer solution (ρou, uou) satisfy the Euler equations (1.17) with the initial
data
(ρ0, u0)|t=0 = (ρ0, u0). (2.3)
The uniqueness of the solutions to (1.17) yields that ρou ≡ ρ0, uou ≡ u0.
(II) The lower corrector (σ0, θ01, θ
0
2):
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The lower corrector (σ0, θ01, θ
0
2) satisfies
∂tσ
0 + (u01(0) + θ
0
1)∂xσ
0 + (∂xρ
0(t;x, 0))θ01 = 0,
(ρ0(t;x, 0) + σ0)∂tθ
0
1 − ∂ZZθ01 = 0,
(ρ0(t;x, 0) + σ0)∂tθ
0
2 − ∂ZZθ02 + (u01(0) + θ01)(ρ0(t;x, 0) + σ0)∂xθ02
+(ρ0(t;x, 0) + σ0)(∂xu
0
2(t;x, 0))θ
0
1 = 0,
(θ01, θ
0
2)|Z=0 = (β01(t)− u01(0), β02(t;x)− u02(t;x, 0)),
(θ01, θ
0
2)|Z=∞ = (0, 0),
(σ0, θ01, θ
0
2)|t=0 = (0, 0, 0).
(2.4)
(III) The upper corrector (σu,0, θu,01 , θ
u,0
2 ):
The upper corrector (σu,0, θu,01 , θ
u,0
2 ) satisfies
∂tσ
u,0 + (u01(1) + θ
u,0
1 )∂xσ
u,0 + (∂xρ
0(t;x, 1))θu,01 = 0,
(ρ0(t;x, 1) + σu,0)∂tθ
u,0
1 − ∂ZuZuθu,01 = 0,
(ρ0(t;x, 1) + σu,0)∂tθ
u,0
2 + (u
0
1(1) + θ
u,0
1 )(ρ
0(t;x, 1) + σu,0)∂xθ
u,0
2
+(ρ0(t;x, 1) + σu,0)(∂xu
0
2(t;x, 1))θ
u,0
1 − ∂ZuZuθu,02 = 0,
(θu,01 , θ
u,0
2 )|Zu=0 = (β11(t)− u01(1), β12(t;x)− u02(t;x, 1)),
(θu,01 , θ
u,0
2 )|Zu=∞ = (0, 0),
(σu,0, θu,01 , θ
u,0
2 )|t=0 = (0, 0, 0).
(2.5)
The well-posedness of the above systems can be established by standard methods
such as the Picard iteration, so (2.1) are well-defined. Under the condition for the
initial datum of the density ρ0 ≥ c0 > 0, one can know that
ρ0(t;x, 0) + σ0, ρ0(t;x, 1) + σu,0 ≥ c0 > 0,
which ensures that the coefficients for the main term in parabolic-type equations
are non-degenerate. Indeed, we know from the Euler equations (1.17) that
ρ0(0;x, i) ≥ c0 > 0, i = 0, 1,
and
∂tρ
0(t;x, i) + u01(i)∂xρ
0(t;x, i) = 0, i = 0, 1.
Moreover, together with (2.4), we have{
∂t(ρ
0(t;x, 0) + σ0) + (u01(0) + θ
0
1(t;Z))∂x(ρ
0(t;x, 0) + σ0) = 0,
(ρ0(t;x, 0) + σ0)|t=0 = ρ0(0;x, 0) ≥ c0 > 0, (2.6)
which gives by the classical theory of transport equations that
ρ0(t;x, 0) + σ0 ≥ c0 > 0.
The discussion for ρ0(t;x, 1) + σu,0 is similar.
In addition, the decay properties (or weighted estimates) of the correctors will
be used in Section 4 to establish the error bounds for the approximate solutions.
The solvability of (2.4) and (2.5) with the decay estimates of the correctors will be
discussed in Appendix A.
3. Approximate solutions
To derive the error bounds for the approximate solutions of Navier-Stokes equa-
tions, we modify (2.1) to ensure the boundary conditions exactly. This modification
also can be found in [2, 26, 27, 33].
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Let ψ(z) be a smooth function such that0 ≤ ψ(z) ≤ 1,ψ(z) ≡ 1, z ∈ [0, 13 ],
ψ(z) ≡ 0, z ∈ [ 12 , 1].
(3.1)
We define
ρ˜a := ρ0(t;x, z) + ψ(z)σ0
(
t;x, z√
ε
)
+ ψ(1− z)σu,0
(
t;x, 1−z√
ε
)
,
u˜a1 := u
0
1(z) + ψ(z)θ
0
1
(
t; z√
ε
)
+ ψ(1− z)θu,01
(
t; 1−z√
ε
)
,
u˜a2 := u
0
2(t;x, z) + ψ(z)θ
0
2
(
t;x, z√
ε
)
+ ψ(1− z)θu,02
(
t;x, 1−z√
ε
)
,
(3.2)
then some simple calculations yield that the truncated approximations satisfy
∂tρ˜
a + u˜a1∂xρ˜
a = A+B (3.3)
ρ˜a∂tu˜
a
1 − ε∂2z u˜a1 = C +D + E, (3.4)
ρ˜a∂tu˜
a
2 − ε∆x,zu˜a2 + ρ˜au˜a1∂xu˜a2 = F +G+H, (3.5)
where the remainders are given by
A = ψ(z)(ψ(z)− 1)θ01∂xσ0 + ψ(1− z)(ψ(1− z)− 1)θu,01 ∂xσu,0, (3.6)
B =
√
ε[ψ(z)(Z∂zu
0
1(0)∂xσ
0 + Zθ01∂z∂xρ
0(t;x, 0))
−ψ(1− z)(Zu∂zu01(1)∂xσu,0 + Zuθu,01 ∂z∂xρ0(t;x, 1))],
(3.7)
C = ψ(z)(ψ(z)− 1)σ0∂tθ01 + (ψ(1− z))(ψ(1− z)− 1)σu,0∂tθu,01 , (3.8)
D =
√
ε
[
ψ(z)Z∂zρ
0(t;x, 0)∂tθ
0
1 − ψ(1− z)Zu∂zρ0(t;x, 1)∂tθu,01
−2ψ′(z)∂Zθ01 − 2ψ′(1− z)∂Zuθu,01
]
,
(3.9)
E = ε[−∂2zu01 − ψ′′(z)θ01 − ψ′′(1− z)θu,01 ], (3.10)
F = ψ(z)(ψ(z)− 1)[σ0∂tθ02 + ρ0θ01∂xθ02 + σ0u01∂xθ02 + σ0θ01∂xu02]
+ψ(z)(ψ(z) + 1)(ψ(z)− 1)σ0θ01∂xθ02 + ψ(1− z)(ψ(1− z)− 1)
×[σu,0∂tθu,02 + ρ0θu,01 ∂xθu,02 + σu,0u01∂xθu,02 + σu,0θu,01 ∂xu02]
+ψ(1− z)(ψ(1− z) + 1)(ψ(1− z)− 1)σu,0θu,01 ∂xθ02,
(3.11)
G =
√
ε
[
ψ(z)Z
(
∂zρ
0(t;x, 0)∂tθ
0
2 + ∂z(ρ
0u01)(t;x, 0)∂xθ
0
2
+∂z(ρ
0∂xu
0
2)(t;x, 0)θ
0
1 + ∂zρ
0(t;x, 0)θ01∂xθ
0
2 + ∂zu
0
1(0)σ
0∂xθ
0
2
+∂zxu
0
2(t;x, 0)σ
0θ01
)
− ψ(1− z)Zu
(
∂zρ
0(t;x, 1)∂tθ
u,0
2
+∂z(ρ
0u01)(t;x, 1)∂xθ
u,0
2 + ∂z(ρ
0∂xu
0
2)(t;x, 1)θ
u,0
1
+∂zρ
0(t;x, 1)θu,01 ∂xθ
u,0
2 + ∂zu
0
1(1)σ
u,0∂xθ
u,0
2
+∂zxu
0
2(t;x, 1)σ
u,0θu,01
)
− 2ψ′(z)∂Zθ02 − 2ψ′(1− z)∂Zuθu,02
]
,
(3.12)
H = ε
(
− ψ(z)∂2xθ02 − ψ(1− z)∂2xθu,02
−∂2xu02 − ∂2zu02 − ψ′′(z)θ02 − ψ′′(1− z)θu,02
)
.
(3.13)
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The corresponding initial and boundary conditions are given as follows{
(ρ˜a, u˜a)|t=0 = (ρ0, u0),
u˜a|z=i = αi, i = 0, 1. (3.14)
Every term of the approximate solution (ρ˜a, u˜a) is determined by the Euler
equations (2.3) and the Prandtl-type effective equations (2.4)-(2.5), therefore the
approximate solution is well-defined.
4. Proof of Theorem 1.1: Error estimates and convergence rates
In this section, we will prove our main result, i.e., the energy estimates of the
error solutions between the approximation (ρ˜a, u˜a) and the exact solution of the
Navier-Stokes equations(ρε, uε), which will give the convergence rates of the desired
estimates.
We denote the error solutions byρ
err(t;x, z) = ρε(t;x, z)− ρ˜a(t;x, z),
uerr1 (t; z) = u
ε
1(t; z)− u˜a1(t; z),
uerr2 (t;x, z) = u
ε
2(t;x, z)− u˜a2(t;x, z),
(4.1)
then we obtain
∂tρ
err + uerr1 ∂xρ
ε + u˜a1∂xρ
err = −(A+B),
ρε∂tu
err
1 − ε∂zzuerr1 = −ρerr∂tu˜a1 − (C +D + E),
ρε∂tu
err
2 − ε∆x,zuerr2 = −ρerr∂tu˜a2 − uε1ρε∂xuerr2 − uε1ρerr∂xu˜a2
−uerr1 ρ˜a∂xu˜a2 − (F +G+H),
(4.2)
with the following boundary and inial conditions{
uerr|z=i = 0, i = 0, 1,
uerr|t=0 = 0, ρerr|t=0 = 0, (4.3)
where A,B,C,D,E, F,G,H are defined in Section 3.
As we introduced in above sections, the existence and regularity of (ρε, uε),
defined in (1.8)-(1.10) and (ρ˜a, u˜a) well-definded by (3.2), ensure that of (ρerr, uerr).
Therefore, it is enough to derive the uniform bound, independent of ε, to complete
Theorem 1.1.
Before proving our main result, we introduce the anisotropic Sobolev inequality
that will be used in the proof of Theorem 1.1. See [2] for instance.
Lemma 4.1. ([2]) There holds that
‖u‖L∞((0,T )×Ω) ≤ C
(‖u‖ 12L∞(0,T ;L2(Ω))‖∂zu‖ 12L∞(0,T ;L2(Ω))
+ ‖∂zu‖
1
2
L∞(0,T ;L2(Ω))‖∂xu‖
1
2
L∞(0,T ;L2(Ω))
+ ‖u‖ 12L∞(0,T ;L2(Ω))‖∂x∂zu‖
1
2
L∞(0,T ;L2(Ω))
)
,
(4.4)
for all u ∈ H10 (Ω). It is pointed out that the left-hand sides of the inequality could
be infinite.
Now we are on the position to prove Theorem 1.1.
Proof of Theorem 1.1. We will prove Theorem 1.1 by the following several steps.
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Step 1: L∞L2-estimates for (ρerr, uerr1 , u
err
2 ).
Multiplying (4.2)1, (4.2)2 by ρ
err, uerr1 , respectively, integrating by parts over Ω
and adding the results, we have
1
2
d
dt
(‖ρerr‖2L2 + ‖√ρεuerr1 ‖2L2)+ ε‖∂zuerr1 ‖2L2 =− ∫ ρerruerr1 ∂xρε
−
∫
(A+B)ρerr
−
∫
∂tu˜
a
1ρ
erruerr1
−
∫
(C +D + E)uerr1
=:
7∑
i=1
Ii.
(4.5)
Now we estimate Ii(i = 1, 2, · · · , 7) as follows. For I1, we have
I1 ≤ C 1√
c0
‖ρerr‖L2‖
√
ρεuerr1 ‖L2‖∂xρε‖L∞
≤ C‖∂xρ0‖L∞‖ρerr‖L2‖
√
ρεuerr1 ‖L2
≤ C‖ρ0‖H2+s‖ρerr‖L2‖
√
ρεuerr1 ‖L2 ,
(4.6)
where we have used the facts that (1.16) and ρε ≥ c0 > 0, and the Sobolev inequal-
ity.
For I2, by the support of ψ(z), one has
I2 =
∫
Aρerr ≤
∫ L
0
dx
∫ 2
3
1
3
(θ01∂xσ
0 + θu,01 ∂xσ
u,0)ρerrdz
≤ ‖ρerr‖L2‖θ01‖L∞
(∫ L
0
dx
∫ 2
3
1
3
|∂xσ0|2dz
)1/2
+ ‖ρerr‖L2‖θu,01 ‖L∞
(∫ L
0
dx
∫ 2
3
1
3
|∂xσu,0|2dz
)1/2
≤ Cε 54 ‖ρerr‖L2
(
‖θ01‖L∞‖〈Z〉2∂xσ0‖L2
+ ‖θu,01 ‖L∞‖〈Zu〉2∂xσu,0‖L2
)
,
(4.7)
where some of the terms on the right-hand side of the last inequality can be esti-
mated as follows(∫ L
0
dx
∫ 2
3
1
3
|∂xσ0|2dz
)1/2
≤ Cε
(∫ L
0
dx
∫ 2
3
√
ε
1
3
√
ε
〈Z〉4|∂xσ0(t;x, Z)|2
√
εdZ
)1/2
≤ Cε 54 ‖〈Z〉2∂xσ0‖L2 .
Similarly, by applying the Sobolev inequality and the weighed estimates for correc-
tors (see Appendix A for details), we have
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I3 ≤ Cε 34 ‖ρerr‖L2
[
‖u01‖H2+s
(‖〈Z〉∂xσ0‖L2 + ‖〈Zu〉∂xσu,0‖L2)
+ ‖ρ0‖H3+s
(
‖〈Z〉θ01‖L2 + ‖〈Zu〉θu,01 ‖L2
)]
,
(4.8)
I4 ≤ C 1√
c0
‖ρerr‖L2‖
√
ρεuerr1 ‖L2
(
‖∂tθ01‖L∞ + ‖∂tθu,01 ‖L∞
)
, (4.9)
I5 ≤Cε 54 ‖
√
ρεuerr1 ‖L2
(
‖〈Z〉2∂tθ01‖L2‖σ0‖L∞ + ‖〈Zu〉2∂tθu,01 ‖L2‖σu,0‖L∞
)
,
(4.10)
I6 ≤Cε 34 ‖
√
ρεuerr1 ‖L2
[
‖∂zρ0‖L∞
(
‖〈Z〉∂tθ01‖L2 + ‖〈Zu〉∂tθu,01 ‖L2
)
+ ‖∂Zθ01‖L2 + ‖∂Zuθu,01 ‖L2
]
,
(4.11)
I7 ≤ Cε‖
√
ρεuerr1 ‖L2
1√
c0
(
‖u01‖H2 + ‖θ01‖L2 + ‖θu,01 ‖L2
)
. (4.12)
Putting the above estimates into (4.5), we get
1
2
d
dt
(‖ρerr‖2L2 + ‖√ρεuerr1 ‖2L2)+ ε‖∂zuerr1 ‖2L2 ≤CC1ε 34 ‖ρerr‖L2
+ C‖ρerr‖L2‖
√
ρεuerr1 ‖L2 .
(4.13)
Using Young inequality and Gronwall’s inequality, one has
‖(ρerr,√ρεuerr1 )‖L∞(0,T ;L2(Ω)) ≤ Cε
3
4 , (4.14)
which gives that
‖uerr1 ‖L∞(0,T ;L2(0,1)) ≤ Cε
3
4 , (4.15)
where we have used fact that ρε ≥ c0 > 0 for any t ≥ 0.
Multiplying (4.2)3 by u
err
2 and integrating by parts over Ω, we have
1
2
d
dt
‖√ρεuerr2 ‖2L2 + ε‖∇x,zuerr2 ‖2L2 =−
∫
uε1ρ
err∂xu˜
a
2u
err
2
−
∫
uerr1 ρ˜
a∂xu˜
a
2u
err
2
−
∫
(F +G+H)uerr2
−
∫
ρerr∂tu˜
a
2u
err
2
=:
6∑
i=1
Ki.
(4.16)
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One can estimate every term Ki(i = 1, 2, · · · , 6) as follows:
K1 ≤ C√
c0
‖ρerr‖L2‖
√
ρεuerr2 ‖L2‖uε1‖L∞
×
(
‖∂xu02‖L∞ + ‖∂xθ02‖L∞ + ‖∂xθu,02 ‖L∞
)
≤ C 1√
c0
ε
3
4 ‖√ρεuerr2 ‖L2‖uε1‖L∞
×
(
‖∂xu02‖L∞ + ‖∂xθ02‖L∞ + ‖∂xθu,02 ‖L∞
)
,
(4.17)
K2 ≤ C√
c0
‖√ρεuerr2 ‖L2‖uerr1 ‖L2
(
‖u02‖H2 + ‖θ02‖L∞ + ‖θu,02 ‖L∞
)
≤ Cε 34 ‖√ρεuerr2 ‖L2
(
‖u02‖H2 + ‖θ02‖L∞ + ‖θu,02 ‖L∞
)
,
(4.18)
K3 ≤ C√
c0
ε
5
4 ‖√ρεuerr2 ‖L2
(
‖σ0‖L∞‖〈Z〉2∂tθ02‖L2
+ ‖ρ0‖L∞‖θ01‖L∞‖〈Z〉2∂xθ02‖L2 + ‖u01‖L∞‖θ01‖L∞‖〈Z〉2∂xθ02‖L2
+ ‖∂xu02‖L∞‖θ0‖L∞‖〈Z〉2σ0‖L2 + ‖σ0‖L∞‖θ01‖L∞‖〈Z〉2∂xθ02‖L2
+ ‖σu,0‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xθu,02 ‖L2 + ‖σu,0‖L∞‖〈Zu〉2∂tθu,02 ‖L2
+ ‖ρ0‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xθu,02 ‖L2 + ‖u01‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xθu,02 ‖L2
+ ‖∂xu02‖L∞‖θu,0‖L∞‖〈Zu〉2σu,0‖L2
)
,
(4.19)
K4 ≤ C√
c0
ε
3
4 ‖√ρεuerr2 ‖L2
[
‖∂zρ0‖L∞‖〈Z〉∂tθ01‖L2
+ ‖∂zxu02‖L∞‖θ0‖L∞‖〈Z〉σ0‖L2
+ ‖〈Z〉∂xθ02‖L2
(
‖∂zρ0‖L∞‖u01‖L∞ + ‖ρ0‖L∞‖∂zu01‖L∞
)
+ ‖〈Z〉θ01‖L2
(
‖∂zρ0‖L∞‖∂xu02‖L∞ + ‖ρ0‖L∞‖∂zxu02‖L∞
)
+ ‖∂zρ0‖L∞‖θ0‖L∞‖〈Z〉∂xθ02‖L2 + ‖∂zu01‖L∞‖σ0‖L∞‖〈Z〉∂xθ02‖L2
+ ‖∂zρ0‖L∞‖〈Zu〉∂tθu,01 ‖L2 + ‖∂zxu02‖L∞‖θu,0‖L∞‖〈Zu〉σu,0‖L2
+ ‖〈Zu〉∂xθu,02 ‖L2
(
‖∂zρ0‖L∞‖u01‖L∞ + ‖ρ0‖L∞‖∂zu01‖L∞
)
+ ‖〈Zu〉θu,01 ‖L2
(
‖∂zρ0‖L∞‖∂xu02‖L∞ + ‖ρ0‖L∞‖∂zxu02‖L∞
)
+ ‖∂zρ0‖L∞‖θu,0‖L∞‖〈Z〉∂xθu,02 ‖L2
+ ‖∂zu01‖L∞‖σu,0‖L∞‖〈Z〉∂xθu,02 ‖L2 + ‖∂Zθ02‖L2 + ‖∂Zuθu,02 ‖L2
]
,
(4.20)
K5 ≤C ε√
c0
‖√ρεuerr2 ‖L2
(
‖u02‖H2 + ‖θ02‖L2
+ ‖θu,02 ‖L2 + ‖∂2xθ02‖L2 + ‖∂2xθu,02 ‖L2
)
,
(4.21)
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K6 ≤ C ε
3
4√
c0
‖√ρεuerr2 ‖L2
(
‖∂tu02‖L∞ + ‖∂tθ02‖L∞ + ‖∂tθu,02 ‖L∞
)
. (4.22)
Putting the above estimates into (4.16), using the Young inequality and Gron-
wall’s inequality, one has
‖uerr2 ‖L∞(0,T ;L2(Ω)) +
√
ε
2
‖∇x,zuerr2 ‖L2(0,T ;L2(Ω)) ≤ Cε
3
4 , (4.23)
where we have used the fact that ρε ≥ c0 > 0.
Step 2: L∞H1-estimates and L∞L∞-estimates for (ρerr, uerr1 ).
Applying ∂x to (4.2)1, we have
∂t∂xρ
err + uerr1 ∂xxρ
ε + u˜a1∂xxρ
err = −∂x(A+B). (4.24)
Multiplying (4.24) by ∂xρ
err, integrating by parts over Ω to yield that
1
2
d
dt
‖∂xρerr‖2L2 =−
∫
uerr1 ∂xxρ
ε∂xρ
err −
∫
∂x(A+B)∂xρ
err. (4.25)
Similar to the estimates above and using the estimates (4.14) and (4.15), one can
easily get
‖∂xρerr‖L∞(0,T ;L2(Ω)) ≤ Cε 34 . (4.26)
In order to obtain the higher order estimate for uerr1 , recalling the fact that
ρε(t;x, z) ≥ c0 > 0, we rewrite the equation (4.2)2 as
∂tu
err
1 −
ε
ρε
∂zzu
err
1 =
1
ρε
[
− ρerr∂tu˜a1 − (C +D + E)
]
. (4.27)
Multiplying (4.27) by −∂zzuerr1 , integrating by parts over Ω and adding the
results to give
1
2
d
dt
‖∂zuerr1 ‖2L2 + ε
∥∥∥∥∂zzuerr1√ρε
∥∥∥∥2
L2
=
∫
ρerr
ρε
∂tu˜
a
1∂zzu
err
1
+
∫
∂zzu
err
1
ρε
(C +D + E)
=:
4∑
i=1
Ji.
(4.28)
We give estimates for Ji(i = 1, 2, · · · , 7) as follows.
J1 ≤C 1√
c0
‖ρerr‖L2
∥∥∥∥∂zzuerr1√ρε
∥∥∥∥
L2
(‖∂tθ01‖L∞ + ‖∂tθu,01 ‖L∞)
≤Cε 34
∥∥∥∥∂zzuerr1√ρε
∥∥∥∥
L2
(‖∂tθ01‖L∞ + ‖∂tθu,01 ‖L∞), (4.29)
J2 ≤C 1√
c0
ε
5
4
∥∥∥∥∂zzuerr1√ρε
∥∥∥∥
L2
(
‖σ0‖L∞‖〈Z〉2∂tθ01‖L2
+ ‖σu,0‖L∞‖〈Zu〉2∂tθu,01 ‖L2
)
,
(4.30)
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J3 ≤C 1√
c0
ε
3
4
∥∥∥∥∂zzuerr1√ρε
∥∥∥∥
L2
[
‖∂zρ0‖L∞
(
‖〈Z〉∂tθ01‖L2 + ‖〈Zu〉∂tθu,01 ‖L2
)
+ ‖∂Zθ01‖L2 + ‖∂Zuθu,01 ‖L2
]
,
(4.31)
J4 ≤ C 1√
c0
ε
∥∥∥∥∂zzuerr1√ρε
∥∥∥∥
L2
(
‖u01‖H2 + ‖θ01‖L2 + ‖θu,01 ‖L2
)
. (4.32)
Putting the above estimates into (4.28), using the Young inequality, we have
1
2
d
dt
‖∂zuerr1 ‖2L2 + ε
∥∥∥∥∂zzuerr1√ρε
∥∥∥∥2
L2
≤ Cε 34
∥∥∥∥∂zzuerr1√ρε
∥∥∥∥
L2
≤ Cε 12 + 1
2
ε
∥∥∥∥∂zzuerr1√ρε
∥∥∥∥2
L2
,
(4.33)
applying Gronwall’s inequality, we get
‖∂zuerr1 ‖L∞(0,T ;L2(0,1)) ≤ Cε
1
4 . (4.34)
Hence we obtain that
‖ρerr‖L∞(0,T ;L2(Ω)) ≤ Cε 34 ,
‖uerr1 ‖L∞(0,T ;L2(0,1)) ≤ Cε
3
4 ,
‖uerr1 ‖L∞(0,T ;H1(0,1)) ≤ Cε
1
4 ,
‖uerr1 ‖L∞((0,T )×(0,1)) ≤ C‖uerr1 ‖
1
2
L∞(0,T ;L2(0,1))‖uerr1 ‖
1
2
L∞(0,T ;H1(0,1))
≤ Cε 12 .
(4.35)
Applying ∂z to (4.2)1, we have
∂t∂zρ
err+∂zu
err
1 ∂xρ
ε+uerr1 ∂xzρ
ε+∂zu˜
a
1∂xρ
err+ u˜a1∂xzρ
err = −∂z(A+B), (4.36)
multiplying the above equation (4.36) by ∂zρ
err and integrating by parts over Ω to
yield that
1
2
d
dt
‖∂zρerr‖2L2(Ω) =−
∫
∂zu
err
1 ∂xρ
ε∂zρ
err −
∫
uerr1 ∂xzρ
ε∂zρ
err
−
∫
∂zu˜
a
1∂xρ
err∂zρ
err −
∫
∂zA · ∂zρerr
−
∫
∂zB · ∂zρerr
:=
5∑
i=1
I1i .
(4.37)
With the convergence estimates obtained before and the weighted estimates for
the correctors at hand, it is easy to deduce that
|I11 | ≤ C‖∂zuerr1 ‖L2‖∂xρε‖L∞‖∂zρerr‖L2 ≤ Cε
1
4 ‖ρ0‖H3+s‖∂zρerr‖L2 , (4.38)
BOUNDARY LAYER FOR NONHOMOGENEOUS INCOMPRESSIBLE FLUIDS 17
|I12 | =
∣∣∣ ∫ uerr1 ∂xz(ρerr + ρ˜a)∂zρerr∣∣∣
≤ C‖uerr1 ‖L2‖∂xz ρ˜a‖L∞‖∂zρerr‖L2 ≤ Cε
1
4 ‖∂zρerr‖L2 ,
(4.39)
|I13 | ≤ C‖∂zu˜a1‖L∞‖∂xρerr‖L2‖∂zρerr‖L2 ≤ Cε
1
4 ‖∂zρerr‖L2 , (4.40)
where s > 0 is an arbitrary number and we have used the Sobolev embedding. The
rest work is to estimate I14 , I
1
5 .
Let us give a formal analysis about the main terms in the I14 , I
1
5 . In fact, note
that
∂zA ∼θ01∂xσ0 + θ
u,0
1 ∂xσ
u,0 +
1√
ε
(
∂Zθ
0
1∂xσ
0 + θ01∂x∂Zσ
0
+ ∂Zuθ
u,0
1 ∂xσ
u,0 + θu,01 ∂x∂Zuσ
u,0
)
,
(4.41)
and
∂zB ∼
√
ε
(
Z∂zu
0
1(t; 0)∂xσ
0 + Zθ01∂xzρ
0(t;x, 0)
+ Zu∂zu
0
1(t; 1)∂xσ
u,0 + Zuθu,01 ∂xzρ
0(t;x, 1)
)
+ ψ
(
Z2∂zu
0
1(t; 0)∂x∂Zσ
0 + Z2∂Zθ
0
1∂xzρ
0(t;x, 0)
+ |Zu|2∂zu01(t; 1)∂x∂Zuσu,0 + |Zu|2∂Zuθu,01 ∂xzρ0(t;x, 1)
)
,
(4.42)
therefore we have to deal with the O( 1√
ε
) term to obtain the convergence rate. The
estimates for other terms of them are trivial, which can be estimated as before.
We give the estimate for∫
ψ(z)(ψ(z)− 1) 1√
ε
∂Zθ
0
1∂xσ
0∂zρ
err
and ∫
ψ(z)(ψ(z)− 1) 1√
ε
θ01∂x∂Zσ
0∂zρ
err.
Other terms in O( 1√
ε
) are similar. By the support of ψ(z), one has∫
ψ(z)(ψ(z)− 1) 1√
ε
∂Zθ
0
1∂xσ
0∂zρ
err
≤ C
∫ L
0
dx
∫ 2/3
1/3
1√
ε
∂Zθ
0
1∂xσ
0∂zρ
errdz
≤ Cε 34 ‖∂zρerr‖L2‖∂xσ0‖L∞‖〈Z〉2∂Zθ01‖L2 ,
(4.43)
and ∫
ψ(z)(ψ(z)− 1) 1√
ε
θ01∂x∂Zσ
0∂zρ
err
≤ C
∫ L
0
dx
∫ 2/3
1/3
1√
ε
θ01∂x∂Zσ
0∂zρ
errdz
≤ Cε 34 ‖∂zρerr‖L2‖〈Z〉2∂x∂Zσ0‖L2‖θ01‖L∞ .
(4.44)
The rest estimates can be obtained by the similar way and we omit the details here.
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For the terms with ∂zB, the difficulty is resulted from the terms without the
order of ε such as ψZ2∂zu
0
1(t; 0)∂x∂Zσ
0. As an example, one can deduce that∫
Z2∂zu
0
1(t; 0)∂x∂Zσ
0∂zρ
err . ε 14 ‖∂zρerr‖L2‖〈Z〉2∂x∂Zσ0‖L2‖∂zu01‖L∞ ,
and other terms can be estimated by similar way.
Therefore by the Cauchy inequality and Gronwall inequality, we have
‖∂zρerr‖L∞(0,T ;L2(Ω)) ≤ Cε 14 , (4.45)
which implies that
‖ρerr‖L∞(0,T ;H1(Ω)) ≤ Cε 14 . (4.46)
Now we turn to estimate ‖ρerr‖L∞((0,T )×Ω).
For any p ≥ 1, multiplying (4.2)1 by p|ρerr|p−1 and integrating over Ω, we have
d
dt
‖ρerr‖pLp = −p
∫
uerr1 ∂xρ
ε|ρerr|p−1 − p
∫
(A+B)|ρerr|p−1 =:
3∑
i=1
I2i . (4.47)
One can estimate every I2i (i = 1, 2, 3) as follows:
I21 ≤ p‖uerr1 ‖L∞‖∂xρε‖Lp‖ρerr‖p−1Lp
≤ p√ε‖∂xρε‖Lp‖ρerr‖p−1Lp ,
(4.48)
I22 ≤ pε
5
4 ‖ρerr‖p−1Lp
(
‖〈Z〉2θ01‖L∞‖∂xσ0‖Lp + ‖〈Zu〉2θu,01 ‖L∞‖∂xσu,0‖Lp
)
,
(4.49)
I23 ≤ pε
1
2+
1
2p ‖ρerr‖p−1Lp
(
‖〈Z〉∂xσ0‖Lp‖∂zu01‖L∞ + ‖〈Z〉θ01‖Lp‖∂zxρ0‖L∞
+ ‖〈Zu〉∂xσu,0‖Lp‖∂zu01‖L∞ + ‖〈Zu〉θu,01 ‖Lp‖∂zxρ0‖L∞
)
.
(4.50)
Putting the above estimates into (4.47) to get that
d
dt
‖ρerr‖Lp ≤C
√
ε‖∂xρ0‖Lp
+ Cε
5
4
(
‖〈Z〉2θ01‖L∞‖∂xσ0‖Lp + ‖〈Zu〉2θu,01 ‖L∞‖∂xσu,0‖Lp
)
+ Cε
1
2 ε
1
2p
(
‖〈Z〉∂xσ0‖Lp‖∂zu01‖L∞ + ‖〈Z〉θ01‖Lp‖∂zxρ0‖L∞
+ ‖〈Zu〉∂xσu,0‖Lp‖∂zu01‖L∞ + ‖〈Zu〉θu,01 ‖Lp‖∂zxρ0‖L∞
)
.
(4.51)
Integrating on (0, T ), taking p→∞, using the weighted estimates in Appendix
A, we have
‖ρerr‖L∞((0,T )×Ω) ≤ Cε 12 . (4.52)
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Step 3: L∞H1-estimate and L∞L∞-estimate for uerr2 .
Multiplying (4.2)3 by −∂xxuerr2 , integrating by parts over Ω to get that
1
2
d
dt
‖√ρε∂xuerr2 ‖2L2 + ε‖∇x,z∂xuerr2 ‖2L2 =−
∫
∂xρ
ε∂tu
err
2 ∂xu
err
2
+
∫
uε1ρ
err∂xu˜
a
2∂xxu
err
2
+
∫
uerr1 ρ˜
a∂xu˜
a
2∂xxu
err
2
+
∫
∂tu˜
a
2ρ
err∂xxu
err
2
−
∫
(F +G+H)∂xxu
err
2
−
∫
uε1∂xρ
ε|∂xuerr2 |2
=:
8∑
i=1
Li.
(4.53)
Every term Li can be estimated as follows.
L1 ≤ C 1
c0
‖√ρε∂tuerr2 ‖L2‖
√
ρε∂xu
err
2 ‖L2‖∂xρε‖L∞
≤ C 1
c0
‖√ρε∂tuerr2 ‖L2‖
√
ρε∂xu
err
2 ‖L2‖ρ0‖H3 ,
(4.54)
L2 = −
∫
uε1(∂xρ
err∂xu˜
a
2 + ρ
err∂xxu˜
a
2)∂xu
err
2
≤ C 1√
c0
‖∂xρerr‖L2‖
√
ρε∂xu
err
2 ‖L2‖uε1‖L∞
×
(
‖u02‖H2 + ‖∂xθ02‖L∞ + ‖∂xθu,02 ‖L∞
)
+ C
1√
c0
‖ρerr‖L2‖
√
ρε∂xu
err
2 ‖L2‖uε1‖L∞
×
(
‖u02‖H3+s + ‖∂xxθ02‖L∞ + ‖∂xxθu,02 ‖L∞
)
,
≤ C 1√
c0
ε
3
4 ‖√ρε∂xuerr2 ‖L2‖uε1‖L∞
×
(
‖u02‖H2 + ‖∂xθ02‖L∞ + ‖∂xθu,02 ‖L∞
)
+ C
1√
c0
ε
3
4 ‖√ρε∂xuerr2 ‖L2‖uε1‖L∞
×
(
‖u02‖H3+s + ‖∂xxθ02‖L∞ + ‖∂xxθu,02 ‖L∞
)
,
(4.55)
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L3 = −
∫
uerr1 (∂xρ˜
a∂xu˜
a
2 + ρ˜
a∂xxu˜
a
2)∂xu
err
2
≤ C 1√
c0
‖uerr1 ‖L2‖
√
ρε∂xu
err
2 ‖L2
×
[(
‖ρ0‖H5+s + ‖∂xσ0‖L∞ + ‖∂xσu,0‖L∞
)
×
(
‖u02‖H2 + ‖∂xθ02‖L∞ + ‖∂xθu,02 ‖L∞
)
+
(
‖ρ0‖H4+s + ‖∂xxσ0‖L∞ + ‖∂xxσu,0‖L∞
)
×
(
‖u02‖H2 + ‖∂xθ02‖L∞ + ‖∂xθu,02 ‖L∞
)]
≤ Cε 34 ‖√ρε∂xuerr2 ‖L2
[(
‖ρ0‖H5+s + ‖∂xσ0‖L∞ + ‖∂xσu,0‖L∞
)
×
(
‖u02‖H2 + ‖∂xθ02‖L∞ + ‖∂xθu,02 ‖L∞
)
+
(
‖ρ0‖H4+s + ‖∂xxσ0‖L∞ + ‖∂xxσu,0‖L∞
)
×
(
‖u02‖H2 + ‖∂xθ02‖L∞ + ‖∂xθu,02 ‖L∞
)]
,
(4.56)
for L4, using the Euler equation, one has
L4 = −
∫
(∂x(∂tu˜
a
2)ρ
err + ∂tu˜
a
2∂xρ
err)∂xu
err
2
≤ C
∫
(∂x(−u01∂xu02) + ∂x∂tθ02 + ∂x∂tθu,02 )ρerr∂xuerr2
+ C
∫
((−u01∂xu02) + ∂tθ02 + ∂tθu,02 )∂xρerr∂xuerr2
≤ C 1√
c0
ε
3
4 ‖√ρε∂xuerr2 ‖L2‖u01‖L∞‖∂xxu02‖L∞
+ Cε
3
4 ‖√ρε∂xuerr2 ‖L2(‖∂x∂tθ02‖L2 + ‖∂x∂tθu,02 ‖L2)
+ C
1√
c0
ε
3
4 ‖√ρε∂xuerr2 ‖L2‖u01‖L∞‖∂xu02‖L∞
+ Cε
3
4 ‖√ρε∂xuerr2 ‖L2(‖∂x∂tθ02‖L2 + ‖∂x∂tθu,02 ‖L2),
(4.57)
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L5 ≤Cε 54 ‖
√
ρε∂xu
err
2 ‖L2
[
‖∂xσ0‖L∞‖〈Z〉2∂tθ02‖L2
+ ‖σ0‖L∞‖〈Z〉2∂txθ02‖L2 + ‖∂xρ0‖L∞‖θ01‖L∞‖〈Z〉2∂xθ02‖L2
+ ‖ρ0‖L∞‖θ01‖L∞‖〈Z〉2∂xxθ02‖L2 + ‖∂xσ0‖L∞‖u01‖L∞‖〈Z〉2∂xθ02‖L2
+ ‖σ0‖L∞‖u01‖L∞‖〈Z〉2∂xxθ02‖L2 + ‖〈Z〉2∂xσ0‖L2‖θ01‖L∞‖∂xu02‖L∞
+ ‖〈Z〉2σ0‖L2‖θ01‖L∞‖∂xxu02‖L∞ + ‖∂xσ0‖L∞‖θ01‖L∞‖〈Z〉2∂xθ02‖L2
+ ‖σ0‖L∞‖θ01‖L∞‖〈Z〉2∂xxθ02‖L2 + ‖∂xσu,0‖L∞‖〈Zu〉2∂tθu,02 ‖L2
+ ‖σu,0‖L∞‖〈Zu〉2∂txθu,02 ‖L2 + ‖∂xρ0‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xθu,02 ‖L2
+ ‖ρ0‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xxθu,02 ‖L2
+ ‖∂xσu,0‖L∞‖u01‖L∞‖〈Zu〉2∂xθu,02 ‖L2
+ ‖σu,0‖L∞‖u01‖L∞‖〈Zu〉2∂xxθu,02 ‖L2
+ ‖〈Zu〉2∂xσu,0‖L2‖θu,01 ‖L∞‖∂xu02‖L∞
+ ‖〈Zu〉2σu,0‖L2‖θu,01 ‖L∞‖∂xxu02‖L∞
+ ‖∂xσu,0‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xθu,02 ‖L2
+ ‖σu,0‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xxθu,02 ‖L2
]
,
(4.58)
L6 ≤Cε 34 ‖
√
ρε∂xu
err
2 ‖L2
[
‖∂zxρ0‖L∞‖〈Z〉∂tθ01‖L2
+ ‖∂zxρ0‖L∞‖〈Zu〉∂tθu,01 ‖L2
+
1∑
i=0
(
‖∂ix∂zρ0‖L∞‖u01‖L∞‖〈Z〉∂2−ix θ02‖L2
+ ‖∂ix∂zρ0‖L∞‖∂2−ix u02‖L∞‖〈Z〉θ01‖L2
+ ‖〈Z〉θ01‖L2‖∂ixρ0‖L∞‖∂2−ix ∂zu02‖L∞
+ ‖θ01‖L∞‖∂ix∂zρ0‖L∞‖〈Z〉∂2−ix θ02‖L2
+ ‖∂zu01‖L∞‖∂ixσ0‖L∞‖〈Z〉∂2−ix θ02‖L2
+ ‖θ01‖L∞‖∂ixσ0‖L2‖∂2−ix ∂zu02‖L∞
+ ‖∂ix∂zρ0‖L∞‖u01‖L∞‖〈Zu〉∂2−ix θu,02 ‖L2
+ ‖∂ix∂zρ0‖L∞‖∂2−ix u02‖L∞‖〈Zu〉θu,01 ‖L2
+ ‖〈Zu〉θu,01 ‖L2‖∂ixρ0‖L∞‖∂2−ix ∂zu02‖L∞
+ ‖θu,01 ‖L∞‖∂ix∂zρ0‖L∞‖〈Zu〉∂2−ix θu,02 ‖L2
+ ‖∂zu01‖L∞‖∂ixσu,0‖L∞‖〈Zu〉∂2−ix θu,02 ‖L2
+ ‖θu,01 ‖L∞‖∂ixσu,0‖L2‖∂2−ix ∂zu02‖L∞
)]
,
(4.59)
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L7 ≤Cε‖
√
ρε∂xu
err
2 ‖L2
(
‖∂xxxθ02‖L2 + ‖∂xxxθu,02 ‖L2
+ ‖∂xθ02‖L2 + ‖∂xθu,02 ‖L2 + ‖u02‖H3
)
,
(4.60)
L8 ≤ C√
c0
‖uε1‖L∞‖∂xρε‖L∞‖
√
ρε∂xu
err
2 ‖2L2
≤C‖uε1‖L∞‖∂xρ0‖L∞‖
√
ρε∂xu
err
2 ‖2L2 .
(4.61)
Therefore, we have
1
2
d
dt
‖√ρε∂xuerr2 ‖2L2 + ε‖∇x,z∂xuerr2 ‖2L2
≤ CC2ε 34 ‖
√
ρε∂xu
err
2 ‖L2
+ C‖√ρε∂xuerr2 ‖L2‖
√
ρε∂tu
err
2 ‖L2 + C‖
√
ρε∂xu
err
2 ‖2L2 .
(4.62)
Due to the appearance of ‖√ρε∂tuerr2 ‖L2 in (4.62), we can not obtain the desired
estimate for ‖√ρε∂xuerr2 ‖L2 from the estimate (4.62). To close the estimate, we have
to establish the estimate for ‖√ρε∂tuerr2 ‖L2 as follows.
Multiplying (4.2)3 by ∂tu
err
2 and integrating by parts over Ω
‖√ρε∂tuerr2 ‖2L2 +
ε
2
d
dt
(‖∂xuerr2 ‖2L2 + ‖∂zuerr2 ‖2L2)
=−
∫
uε1ρ
ε∂xu
err
2 ∂tu
err
2 −
∫
uε1ρ
err∂xu˜
a
2∂tu
err
2
−
∫
uerr1 ρ˜
a∂xu˜
a
2∂tu
err
2 −
∫
ρerr∂tu˜
a
2∂tu
err
2
−
∫
∂tu
err
2 (F +G+H)
=:
7∑
i=1
J1i .
(4.63)
We estimate every term Ji as follows:
J11 ≤ C‖
√
ρε∂tu
err
2 ‖L2‖
√
ρε∂xu
err
2 ‖L2‖uε1‖L∞ , (4.64)
J12 ≤
C√
c0
ε
3
4 ‖√ρε∂tuerr2 ‖L2‖∂xu˜a2‖L∞‖uε1‖L∞ , (4.65)
J13 ≤
C√
c0
ε
3
4 ‖√ρε∂tuerr2 ‖L2‖∂xu˜a2‖L∞‖ρ˜a‖L∞ , (4.66)
J14 ≤
C√
c0
ε
3
4
∥∥√ρε∂tuerr2 ∥∥L2 (‖u01‖L∞‖∂xρ0‖L∞
+ ‖〈Z〉∂tθ02‖L2 + ‖〈Zu〉∂tθu,02 ‖L2
)
≤Cε 34 ∥∥√ρε∂tuerr2 ∥∥L2 (‖u01‖H2‖∂xρ0‖L∞
+ ‖〈Z〉∂tθ02‖L2 + ‖〈Zu〉∂tθu,02 ‖L2
)
,
(4.67)
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J15 ≤ C
1√
c0
ε
5
4 ‖√ρε∂tuerr2 ‖L2
(
‖σ0‖L∞‖〈Z〉2∂tθ02‖L2
+ ‖ρ0‖L∞‖θ01‖L∞‖〈Z〉2∂xθ02‖L2
+ ‖u01‖L∞‖θ01‖L∞‖〈Z〉2∂xθ02‖L2 + ‖∂xu02‖L∞‖θ0‖L∞‖〈Z〉2σ0‖L2
+ ‖σ0‖L∞‖θ01‖L∞‖〈Z〉2∂xθ02‖L2 + ‖σu,0‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xθu,02 ‖L2
+ ‖σu,0‖L∞‖〈Zu〉2∂tθu,02 ‖L2 + ‖ρ0‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xθu,02 ‖L2
+ ‖u01‖L∞‖θu,01 ‖L∞‖〈Zu〉2∂xθu,02 ‖L2
+ ‖∂xu02‖L∞‖θu,0‖L∞‖〈Zu〉2σu,0‖L2
)
,
(4.68)
J16 ≤C
1√
c0
ε
3
4 ‖√ρε∂tuerr2 ‖L2
[
‖∂zρ0‖L∞‖〈Z〉∂tθ01‖L2
+ ‖∂zxu02‖L∞‖θ0‖L∞‖〈Z〉σ0‖L2 + ‖∂Zθ02‖L2 + ‖∂Zuθu,02 ‖L2
+ ‖〈Z〉∂xθ02‖L2
(
‖∂zρ0‖L∞‖u01‖L∞ + ‖ρ0‖L∞‖∂zu01‖L∞
)
+ ‖〈Z〉θ01‖L2
(
‖∂zρ0‖L∞‖∂xu02‖L∞ + ‖ρ0‖L∞‖∂zxu02‖L∞
)
+ ‖∂zρ0‖L∞‖θ0‖L∞‖〈Z〉∂xθ02‖L2 + ‖∂zu01‖L∞‖σ0‖L∞‖〈Z〉∂xθ02‖L2
+ ‖∂zρ0‖L∞‖〈Zu〉∂tθu,01 ‖L2 + ‖∂zxu02‖L∞‖θu,0‖L∞‖〈Zu〉σu,0‖L2
+ ‖〈Zu〉∂xθu,02 ‖L2
(
‖∂zρ0‖L∞‖u01‖L∞ + ‖ρ0‖L∞‖∂zu01‖L∞
)
+ ‖〈Zu〉θu,01 ‖L2
(
‖∂zρ0‖L∞‖∂xu02‖L∞ + ‖ρ0‖L∞‖∂zxu02‖L∞
)
+ ‖∂zρ0‖L∞‖θu,0‖L∞‖〈Z〉∂xθu,02 ‖L2
+ ‖∂zu01‖L∞‖σu,0‖L∞‖〈Z〉∂xθu,02 ‖L2
]
,
(4.69)
J17 ≤C
ε√
c0
‖√ρε∂tuerr2 ‖L2
(
‖u01‖H2
+ ‖θ02‖L2 + ‖θu,02 ‖L2 + ‖∂2xθ02‖L2 + ‖∂2xθu,02 ‖L2
)
,
(4.70)
Putting (4.64)-(4.70) into (4.63), we obtain
‖√ρε∂tuerr2 ‖2L2 +
ε
2
d
dt
(‖∂xuerr2 ‖2L2 + ‖∂zuerr2 ‖2L2)
≤ C‖√ρε∂tuerr2 ‖L2‖
√
ρε∂xu
err
2 ‖L2 + CC3ε
3
4 ‖√ρε∂tuerr2 ‖L2 .
(4.71)
Adding (4.62) and (4.71), using the Cauchy inequality, Gronwall’s inequality, one
has
‖√ρε∂xuerr2 ‖L∞(0,T ;L2(Ω)) ≤ Cε
3
4 (4.72)
and
‖∂zuerr2 ‖L∞(0,T ;L2(Ω)) ≤ Cε
1
4 . (4.73)
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Using the fact that ρε ≥ c0 > 0 to yield that
‖∂xuerr2 ‖L∞(0,T ;L2(Ω)) ≤ Cε
3
4 . (4.74)
It should be pointed out that the above bounds of order ε
1
4 can not be improved
since we can not using integration by parts in the right-hand side involving second
or mixed derivatives in z, as ∂zu
err
2 may not vanish on the boundaries.
Using the similar methods, we also have
‖∂xxuerr2 ‖L∞(0,T ;L2(Ω)) ≤ Cε
3
4 (4.75)
and
‖∂z∂xuerr2 ‖L∞(0,T ;L2(Ω)) ≤ Cε
1
4 . (4.76)
Therefore, we deduce that
‖uerr2 ‖L∞(0,T ;H1(Ω)) ≤ Cε
1
4 . (4.77)
Finally, we use the Lemma 4.1 to get
‖uerr2 ‖L∞((0,T )×Ω) ≤ C
(
‖uerr2 ‖
1
2
L∞(0,T ;L2(Ω))‖∂zuerr2 ‖
1
2
L∞(0,T ;L2(Ω))
+ ‖∂zuerr2 ‖
1
2
L∞(0,T ;L2(Ω))‖∂xuerr2 ‖
1
2
L∞(0,T ;L2(Ω))
+ ‖uerr2 ‖
1
2
L∞(0,T ;L2(Ω))‖∂x∂zuerr2 ‖
1
2
L∞(0,T ;L2(Ω))
)
≤ C√ε.
(4.78)
Combine the above steps, we have
‖ρerr‖L∞(0,T ;L2(Ω)) ≤ Cε 34 ,
‖ρerr‖L∞(0,T ;H1(Ω)) ≤ Cε 14 ,
‖ρerr‖L∞((0,T )×Ω) ≤ C
√
ε,
‖uerr‖L∞(0,T ;L2(Ω)) ≤ Cε 34 ,
‖uerr‖L∞(0,T ;H1(Ω)) ≤ Cε 14 ,
‖uerr‖L∞((0,T )×Ω) ≤ C
√
ε,
(4.79)
which completes the proof of Theorem 1.1. 
Appendix A. Well-posedness and weighted estimates of the equations
for the correctors
In this Appendix, we discuss the solvability of the Prandtl-type effective equa-
tions for the correctors appeared in Section 2. Thanks to the similarity of the lower
and upper correctors, we only need to consider the correctors near the boundary
z = 0, i.e., we only focus on (σ0, θ01, θ
0
2) here.
We start with (σ0, θ01), which satisfies the following initial boundary value prob-
lem 
∂tσ
0 + (u01(0) + θ
0
1)∂xσ
0 + (∂xρ
0(t;x, 0))θ01 = 0,
(ρ0(t;x, 0) + σ0)∂tθ
0
1 − ∂ZZθ01 = 0,
θ01|Z=0 = β01(t)− u01(0),
θ01|Z=∞ = 0,
(σ0, θ01)|t=0 = (0, 0),
(A.1)
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where (σ0, θ01) are defined in (x, Z) ∈ Ω∞ = [0, L]× [0,∞), and u01(t; z) ≡ u01(z) is
independent of t.
Denote
〈Z〉 :=
√
1 + Z2.
Note that due to the discussion for (2.6), the system (A.1) is non-degenerate and
there holds that
ρ0(t;x, 0) + σ0, ρ0(t;x, 1) + σu,0 ≥ c0 > 0.
In addition, by the similar arguments to that of [34] we can deduce that
σ0 ∈ L∞(0, T ;Hm(Ω)) ∩ L∞((0, T )× Ω), ∂tσ0 ∈ L2(0, T ;L2(Ω)) (A.2)
and
θ01 ∈ L∞(0, T ;Hm(Ω)), ∂tθ01 ∈ L2(0, T ;Hm−1(Ω)). (A.3)
By the Sobolev embedding, one has
∂tθ
0
1 ∈ L2(0, T ;L∞(Ω)). (A.4)
Based on the above facts, we easily derive the following conclusions.
Lemma A.1. Suppose β01 ∈ L∞(0, T ), u01(z) ∈ Hm(0, 1), and, ρ0 ∈ L∞(0, T ;Hm(Ω)),
where m > 5. Then for any l ∈ N, there holds that
‖〈Z〉lθ01‖L∞((0,T )×Ω∞) ≤ C, (A.5)
‖〈Z〉lσ0‖L∞(0,T ;L2(Ω∞)) + ‖〈Z〉lθ01‖L∞(0,T ;L2(Ω∞)) + ‖〈Z〉l∂Zθ01‖L2(0,T ;L2(Ω∞)) ≤ C,
(A.6)
‖〈Z〉l∂ixσ0‖L∞(0,T ;L2(Ω∞)) ≤ C, i = 0, 1, 2, 3, (A.7)
‖〈Z〉l∂ixσ0‖L∞((0,T )×Ω∞) ≤ C, i = 0, 1, 2, 3, (A.8)
‖〈Z〉l∂Zθ01‖L∞(0,T ;L2(Ω∞)) + ‖〈Z〉l∂tθ01‖L2(0,T ;L2(Ω∞)) ≤ C, (A.9)
where the constant C > 0 depends on
‖β01‖Hm(0,T ), ‖u01(z)‖Hm(0,1), ‖ρ0‖L∞(0,T ;Hm(Ω)), c0, l, T,
but it is independent of ε.
Proof. Note that ρ0(t;x, 0)+σ0 ≥ c0 > 0, then the proof of (A.5) is straightforward
from the maximum principle of the parabolic equations, which is similar to the proof
of the Lemma A.1 of [2] and we omit the details here.
Set
θ01 := θ
0
1 − e−Z(β01(t)− u01(0)),
then we have
∂tσ
0 + [u01(0) + θ
0
1 + e
−Z(β01(t)− u01(0))]∂xσ0 = −(∂xρ0(t;x, 0))θ01
−(∂xρ0(t;x, 0))e−Z(β01(t)− u01(0)),
(ρ0(t;x, 0) + σ0)∂tθ01 − ∂ZZθ01 = e−Z [∂t(β01(t)− u01(0))− (β01(t)− u01(0))],
θ01|Z=0,∞ = 0,
(σ0, θ01)|t=0 = (0, 0),
(A.10)
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Multiplying (A.10)1, (A.10)2 by 〈Z〉2lσ, 〈Z〉2lθ01, respectively, integrating by parts
over Ω∞ and adding the results to give that
1
2
d
dt
(∫
Ω∞
〈Z〉2l|σ0|2 +
∫
Ω∞
(ρ0(t;x, 0) + σ0)〈Z〉2l|θ01|2
)
+
∫
Ω∞
〈Z〉2l|∂Zθ01|2
= −
∫
Ω∞
∂xρ
0(t;x, 0)θ01〈Z〉2lσ0 −
∫
Ω∞
θ01∂Zθ
0
1∂Z(〈Z〉2l)
−
∫
Ω∞
∂xρ
0(t;x, 0)e−Z(β01(t)− u01(0))〈Z〉2lσ0
+
∫
Ω∞
e−Z [∂t(β01(t)− u01(0))− (β01(t)− u01(0))]〈Z〉2lθ01
≤ C‖ρ0‖Hm‖〈Z〉lσ0‖L2‖
√
ρ0(t;x, 0) + σ0〈Z〉lθ01‖L2
+ C‖
√
ρ0(t;x, 0) + σ0〈Z〉lθ01‖L2‖〈Z〉l∂Zθ01‖L2
+ C‖ρ0‖Hm‖〈Z〉lσ0‖L2 + C‖ρ0‖Hm‖〈Z〉lθ01‖L2 ,
(A.11)
where we have used the Sobolev embedding and the fact that 〈Z〉le−Z is uniformly
bounded in Z for any l.
Using Young’s inequality and Gronwall’s inequality, we have
‖〈Z〉lσ0‖L∞(0,T ;L2(Ω∞))+‖〈Z〉lθ01‖L∞(0,T ;L2(Ω∞))
+ ‖〈Z〉l∂Zθ01‖L2(0,T ;L2(Ω∞)) ≤ C,
(A.12)
in which the fact that ρ0(t;x, 0) + σ0 ≥ c0 has been used. Therefore (A.6) follows.
Multiplying (A.10)1 by 〈Z〉2l∂xxσ0, integrating by parts over Ω∞ to yield that
1
2
d
dt
‖〈Z〉l∂xσ0‖2L2(Ω∞) =
∫
Ω∞
(∂xxρ
0(t;x, 0))θ01〈Z〉2l∂xσ0
+
∫
Ω∞
(∂xxρ
0(t;x, 0))e−Z(β01(t)− u01(0))〈Z〉2l∂xσ0
≤ C‖ρ0‖H3+s‖〈Z〉lθ01‖L2(Ω∞)‖〈Z〉l∂xσ0‖L2(Ω∞)
+ C‖ρ0‖H3+s‖〈Z〉l∂xσ0‖L2(Ω∞),
(A.13)
where we have used the Sobolev embedding and the fact that 〈Z〉le−Z is uniformly
bounded in Z for any l again.
Using (A.12), the Young’s inequality and the Gronwall’s inequality, one has
‖〈Z〉l∂xσ0‖L∞(0,T ;L2(Ω∞)) ≤ C. (A.14)
Similarly, we have
‖〈Z〉l∂ixσ0‖L∞(0,T ;L2(Ω∞)) ≤ C, i = 2, 3, (A.15)
then (A.7) is obtained.
Now we turn to prove (A.8). Since the σ0 satisfies a transport-type equation,
then we only need to apply energy arguments on (A.1)1.
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For p ≥ 1, multiplying (A.1)1 by p〈Z〉pl|σ0|p−1, integrating on Ω∞ to yield that
d
dt
‖〈Z〉lσ0‖pLp = −p
∫
Ω∞
〈Z〉pl∂xρ(t;x, 0)θ01|σ0|p−1
≤ p‖〈Z〉lσ0‖p−1Lp(Ω∞)‖〈Z〉lθ01‖Lp(Ω∞)‖∂xρ0‖L∞ ,
(A.16)
which yields that
d
dt
‖〈Z〉lσ0‖Lp ≤ ‖〈Z〉lθ01‖Lp(Ω∞)‖ρ0‖H3 . (A.17)
Then by integrating on (0, T ), taking p→∞ and using (A.5), we get that
‖〈Z〉lσ0‖L∞((0,T )×Ω∞) ≤ C, (A.18)
which implies that (A.8) holds for i = 0.
Applying ∂ix(i = 1, 2, 3) on (A.1)1 to get that
∂t∂
i
xσ
0 + (u01(0) + θ
0
1)∂
i+1
x σ
0 + (∂i+1x ρ
0(t;x, 0))θ01 = 0. (A.19)
For p ≥ 1, multiplying (A.19) by p〈Z〉pl|∂ixσ0|p−1, integrating on Ω∞ to yield that
d
dt
‖〈Z〉l∂ixσ0‖pLp = −p
∫
Ω∞
〈Z〉pl∂i+1x ρ(t;x, 0)θ01|∂ixσ0|p−1
≤ p‖〈Z〉l∂ixσ0‖p−1Lp(Ω∞)‖〈Z〉lθ01‖Lp(Ω∞)‖∂i+1x ρ0‖L∞ ,
(A.20)
which gives that
d
dt
‖〈Z〉l∂ixσ0‖Lp ≤ ‖〈Z〉lθ01‖Lp(Ω∞)‖∂i+1x ρ0‖L∞ . (A.21)
By integrating on (0, T ), taking p→∞ and using (A.5), one gets that
‖〈Z〉l∂ixσ0‖L∞((0,T )×Ω∞) ≤ C, (A.22)
which implies that (A.8) holds for i = 1, 2, 3.
Multiplying (A.10)2 by 〈Z〉2l∂tθ01, integrating by parts on Ω∞ to yield that∫
Ω∞
(ρ0(t;x, 0) + σ0)〈Z〉2l|∂tθ01|2 +
1
2
d
dt
‖〈Z〉l∂Zθ01‖2L2(Ω∞)
=
∫
Ω∞
e−Z [∂t(β01(t)− u01(0))− (β01(t)− u01(0))]〈Z〉2l∂tθ01
−
∫
Ω∞
∂tθ01∂Zθ
0
1∂Z(〈Z〉2l)
≤ C(‖β01‖Hm(0,T ), ‖u01‖L∞(0,T ;Hm(0,1)))‖〈Z〉l∂tθ01‖L2(Ω∞)
+ C‖
√
ρ0(t;x, 0) + σ0〈Z〉l∂tθ01‖L2‖〈Z〉l∂Zθ01‖L2 .
(A.23)
Using (A.12), the Young’s inequality and the Gronwall’s inequality, one has
‖〈Z〉l∂Zθ01‖L∞(0,T ;L2(Ω∞)) + ‖〈Z〉l∂tθ01‖L2(0,T ;L2(Ω∞)) ≤ C, (A.24)
hence (A.9) holds.
This completes the proof. 
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Now we consider the same problem for θ02. Consider
(ρ0(t;x, 0) + σ0)∂tθ
0
2 − ∂ZZθ02 + (u01(0) + θ01)(ρ0(t;x, 0) + σ0)∂xθ02
+(ρ0(t;x, 0) + σ0)(∂xu
0
2(t;x, 0))θ
0
1 = 0,
θ02|Z=0 = β02(t;x)− u02(t;x, 0),
θ02|Z=∞ = 0,
θ02|t=0 = 0.
(A.25)
We recall here that ρ0(t;x, 0) +σ0 ≥ c0 for c0 > 0. The well-posedness of (A.25)
can be obtained by the similar techniques in Section 4 of [35]. One can also refer
to [2, 11] for instance.
Our attentions are paid to the weighted estimates of θ02, which are used in Section
4.
Lemma A.2. Suppose β02 ∈ H2(0, T ;Hm(∂Ω)), u02 ∈ L∞(0, T ;Hm(Ω)), ρ0 ∈
L∞(0, T ;Hm(Ω)), where m > 5. Then for any l ∈ N, there holds that
‖〈Z〉l∂ixθ02‖L∞((0,T )×Ω∞) ≤ C, i = 0, 1, 2, (A.26)
‖〈Z〉l∂ixθ02‖L∞(0,T ;L2(Ω∞)) + ‖〈Z〉l∂ix∂Zθ02‖L2(0,T ;L2(Ω∞)) ≤ C, i = 0, 1, 2, (A.27)
‖〈Z〉l∂ix∂Zθ02‖L∞(0,T ;L2(Ω∞)) + ‖〈Z〉l∂ix∂tθ02‖L2(0,T ;L2(Ω∞)) ≤ C, i = 0, 1, 2, (A.28)
where the constant C > 0 depends on
‖(β01 , β02)‖H2(0,T ;Hm(∂Ω)), ‖u0‖L∞(0,T ;Hm(Ω)), ‖ρ0‖L∞(0,T ;Hm(Ω)), c0, l, T,
but it is independent of ε.
Proof. The estimates of this lemma can be obtained by the standard energy meth-
ods, which is similar to that of Lemma A.1 and the Appendix A of [2]. We can
modify the techneque of [2] to complete the proof. The readers can see [2] for more
details and we omit it here. 
Applying the similar arguments on (σu,0, θu,01 , θ
u,0
2 ), we have the following results.
Lemma A.3. Under the assumptions of Lemma A.1 and Lemma A.2, we have
‖〈Zu〉lθu,01 ‖L∞((0,T )×Ω∞) ≤ C, (A.29)
‖〈Zu〉lσu,0‖L∞(0,T ;L2(Ω∞)) + ‖〈Zu〉lθu,01 ‖L∞(0,T ;L2(Ω∞))
+‖〈Zu〉l∂Zθu,01 ‖L2(0,T ;L2(Ω∞)) ≤ C,
(A.30)
‖〈Zu〉l∂ixσu,0‖L∞(0,T ;L2(Ω∞)) ≤ C, i = 0, 1, 2, 3, (A.31)
‖〈Zu〉l∂ixσu,0‖L∞((0,T )×Ω∞) ≤ C, i = 0, 1, 2, 3, (A.32)
‖〈Zu〉l∂Zθu,01 ‖L∞(0,T ;L2(Ω∞)) + ‖〈Zu〉l∂tθu,01 ‖L2(0,T ;L2(Ω∞)) ≤ C, (A.33)
‖〈Zu〉l∂ixθu,02 ‖L∞((0,T )×Ω∞) ≤ C, i = 0, 1, 2, (A.34)
‖〈Zu〉l∂ixθu,02 ‖L∞(0,T ;L2(Ω∞)) + ‖〈Zu〉l∂ix∂Zθu,02 ‖L2(0,T ;L2(Ω∞)) ≤ C, i = 0, 1, 2,
(A.35)
‖〈Zu〉l∂ix∂Zθu,02 ‖L∞(0,T ;L2(Ω∞)) + ‖〈Zu〉l∂ix∂tθu,02 ‖L2(0,T ;L2(Ω∞)) ≤ C, i = 0, 1, 2,
(A.36)
where the constant C > 0 depends on
‖β01‖Hm(0,T ), ‖u01(z)‖Hm(0,1), ‖β02‖H2(0,T ;Hm(∂Ω)), ‖u02‖L∞(0,T ;Hm(Ω)), c0,
‖ρ0‖L∞(0,T ;Hm(Ω)), l, T,
but it is independent of ε.
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